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Abstract 
Portfolio selection concerns identifying an optimal investment strategy 
that minimizes portfolio risk. Although cardinality is always an indispensable 
discrete feature to consider in portfolio selection, the problem of portfolio se-
lection with a cardinality constraint actually leads to a combinatorial NP hard 
problem. While computing capability is currently becomes very powerful so that 
some relatively large-scale cardinality constrained portfolio selection problems can 
be solved, these technologies are still not able to deal with problems on a large 
scale. Thus, the need exists to analyze these problems more deeply to understand 
the nature of the problem and to develop more efficient solution schemes. This 
thesis considers a cardinality constrained portfolio selection problem in a sin-
gle period security market. To handle high diniensional cardiiiality-coristrained 
quadratic programming problems efficiently, we integrate factor models, cluster-
ing technique, arid integer programming technologies to form an efficient heuristic 
solution niethod. 
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Portfolio selection is an iiivestment strategy used to limit portfolio risk. In the real 
world, investors do not want a portfolio that is too widely diverse, partially due to 
a consideration of transaction cost, management fee, and limited initial wealth. 
Therefore, it is important to select a portfolio containing a few securities but 
diversified enough to earn a, high return with low risk. For this reason, portfolio 
selection has been a popular topic since the middle of the twentieth century. 
The modern portfolio selection begins with the mean-variance formulation 
proposed by Mai'kowitz (1956) [17], which provides a quantitative framework for 
nieasiiriiig portfolio risk and return. Markowitz (1956) [17] and Mertoii (1972) [19 
then derive mean-variance efficient frontier, in which each portfolio maximizes the 
expected return for a given variance, for markets without and with short selling, 
respectively. Besides the mean-variance risk measure framework, Roy (1952) [24 
publishes his safety-first principle in which he defines risk as the probability of the 
portfolio falling below a disaster level, a concept that is extended to multi-period 
situations by Li, ChaiL and Ng(1998) [11]. Wi th Roy's idea, Markowitz (1959) 
18] develops the concept of seiriivariaiice for measuring risk, and researchers 
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continue to move forward using Roy's reward-to-variability (R/V) ratio. Shaxpe 
(1966) [27] introduces the Sharpe Ratio for measuring the performance of mutual 
funds. Further, Lintner (1965a&b) [13] [14]，Sharpe (1964) [26], and Mossin 
(1966) [21] investigate the capital asset pricing model (CAPM), which is based 
on the earlier work of Markowitz on diversification and, in later work, on modern 
portfolio theory. Yitzhaki (1982) [30] tries to replace the mean and variance 
pair with a mean and Gini's mean difference pair to conduct the statistical data, 
analysis. Modigliani and Modigliarii(1997) [20] propose an alternative measure of 
risk that also uses the volatility of returns in CAPM. Finally, some extensions of 
these measures to multi-index model have been attempted. Recently, Rockafellar 
and Uryasev (2002) [23] develop an important risk measure using CVaR, and 
Feinstein and Thapa (1993) [8] and Chiodi and Maiisini (2003) [5] propose semi-
absolute deviation and semi-deviation as risk measures, respectively. 
The literature has been primarily developed in the direction of a continuous-
solution scheme for portfolio selection problem. But, it is easy to imagine that 
real trade practice often limits the portfolio selection problem with some discrete 
features, such as the cardinality constraint, the buy-in threshold, discontinuity of 
transaction cost, arid round lots. Thus, a continuous solution could be far from 
a real integer optimal one. After the mean-variance formulation is proposed, the 
methodologies that address discrete features for modern portfolio selection gain 
increasing attention. Some of these methodologies seek an exact solution, for 
instance, Bienstock (1996) [1] considers a surrogate constraint method on the 
cardinality-constrained mean-variance model. Syani (1998) [28] assumes inde-
pendence among risky securities and round lots for the mean variance model. 
Mansini Speranza, and Chiarini (2002) [16] propose the mean-absolute deviation 
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formulation with round lots, and Li, Sun, and Wang (2006) [12] seek an exact so-
lution for cardinality-constrained mean-variance formulation using a convergent 
Lagrangia method under concave transaction costs. Extensive analysis and com-
putation, however, are inevitable for such exact solution schemes, or worse, these 
methodologies may not be able to deal with large-scale problems. Some suggested 
solution methodologies include heuristics for the cardinality-constrained portfolio 
optimization problem by Chang et al. (2000) [3], simulated annealing for the so-
lution of complex portfolio selection models with side constraints by Crania and 
Schyris (2003) [7], heuristics for the mean-variance cardinality-constrained for-
mulation with round lot constraints by Jobst et al. (2001) [9], heuristics for the 
mean semi-absolute deviation model with minimum lot constraints by Mansini 
and Speranza (1999) [15]，and heuristics for the mean semi-absolute deviation 
formulation with fixed costs and minimum transaction lots by Kellerer, Mansini, 
and Speranze (2000) [10；. 
This thesis considers a cardinality-constrained portfolio selection problem 
in a single period security market. We assume that investors are risk averse 
and the historical data are representative of the future. Consider the following 
cardinality-constrained problem， 
(P) rniri = Qx 
X 
Subject to: I ' x = 1, 
rx > f , 
n 
[ r 丨 = s, 
i=i 
X > 0, * (this constraint is only for problem under no-shorting constraint) 
where Q = {Q?:,』;〜=i G is the covariance matrix of n risky securities in the 
3 
market, Qjj is the element of Q in ？:-th row and j - t h column, i, j = 1,. . • ,n, x = 
(xi , • • • , XnY and Xi is the portfolio weight of the z-th security, r = (r] ,. • • , r^Y 
and we can fix the objective return at some arbitrary value f , is the indicator 
function, i.e., d{a) = 1 if a + 0 arid S{a) = 0, otherwise. 
It is laid out as a quadratic programming problem. Indeed, the curve on 
a and f is the efficient frontier of portfolios with a cardinality size of 5. Some 
special optimization software programs, such as CPLEX, are available to solve 
such a, problem. However only problems of small-to-moderate size can be solved 
completely, problems of large scale are intractable because of the limited com-
puting power. Thus, the principles of timeliness and accuracy in the financial 
market are violated. Take this consideration into account, investors may prefer 
solution suggested in a timely manner instead of a more precise but cornputatiori-
ally expensive one. We propose several heuristics in this thesis to find a suggested 
solution under the mean-variance portfolio theory. Such heuristics can greatly re-
duce the program running time while handling high dimensional problems. We 
expect that the efficiency of the suggested cardinality portfolio would be as high 
as possible, which means a higher return when risk is fixed. 
Using the idea of industry classification in portfolio selection, we introduce 
a data mining technique called clustering into our heuristics. Data mining is be-
ing increasingly applied in financial areas with the growth in computer science. 
For example, the selection of stocks by using a clustering algorithm and time 
series outlier analysis is studied by Craighead and Klernesrud (2007) [6], and the 
reliability of a portfolio in terms of the ratio between predicted and realized risk 
can be improved by using clustering algorithms as shown by Tola et al. (2008) 
.29]. We propose, in this thesis, a more reasonable classification based on the 
4 
historical data of securities, rather than industry classification. Following this 
classification, securities from various aspects are picked to diversify the risk. We 
use a clustering algorithm to group securities with similar features into a group. 
Intuitively, securities in the same group wil l have similar trends. Then, represen-
tative securities from each group are selected to form a suggested portfolio that 
can simulate the trend of the whole market and satisfy the cardinality constraint. 
In the whole process, the factor model plays a key role in determining the trend 
of securities according to different factors, which is a basis for clustering. 
The thesis is organized as follows. We first develop a heuristic through 
factor model and clustering in Chapter 2. The Sharpe Ratio is the criterion 
when choosing the representative securities. The constituents of the portfolio 
wil l not change as objective return f changes. Practically speaking, this heuristic 
works well only when shorting is not allowed and the objective return f is large. 
To address these disadvantages of the first heuristic, we propose new rules in 
Chapter 3 to select representative securities. To improve the accuracy of the 
suggested solution and focus more on the return expectation and risk tolerance 
of the investors, we use integer programming instead of random selection to choose 
representatives. This procedure wil l not only guarantee that we can always obtain 
the best solution under a specific pre-grouping constraint, but also reduce the 
program running time by passing over the portfolios with highly similar securities. 
It is worth mentioning that we can balance the trade off between programming 
time and the accuracy of the solution by adjusting the parameters of the integer 
programming. The results of numerous experiments appear at the end of each 
chapter. Chapter 4 covers other ideas related to portfolio selection based on the 
Minimum Variance Point (MVP). Finally, the thesis concludes with a sunimary 
5 
and suggested fiitAire research in Chapter 5. 
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Chapter 2 
Portfolio Selection Using 
Clustering Methodology 
In this chapter, we first state the assumptions of our model and illustrate the 
procedure of our heuristic method step by step in Section 1. Then, in Section 2, 
we use mean-variance graphs to demonstrate the results of numerical experiments 
and discuss the rationality underlying this method, as well as the disadvantage 
of using this heuristic method. 
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2.1 Heuristic algorithm 
We consider a, single period market with n available risky securities and in which 
we would like to invest the wealth into a portfolio of 5 securities with s << n, 
partially because of management fees and limited initial wealth. The risk-free rate 
is assumed to be constant. A key assumption is that the historical data carry 
both past and future information, which means the past data can be used to 
predict the future patterns of the securities. We need to minimize the risk of our 
suggested portfolio with cardinality s. The portfolio with small cardinality is well 
diversified if it contains enough information to simulate the trend of the whole 
market. We adopt clustering technique in our algorithms to remove duplication 
of information in similar securities and keep rnaxirnurn information from various 
types of securities with different characteristics. The algorithm is illustrated in 
three steps. 
2.1.1 Step 1: Security transformation by factor model 
When we do clustering, determining the features we use to distinguish different 
sample entries is important. For example, we can discriminate humans by their 
heights, weights, or both. To easily define the similarity between securities and 
then do clustering, we try to transform each security into a specific entry in a 
vector space with its coordinates indicating its performance according to different 
aspects being considered. It is well known that people get used to grouping 
securities in the same industry together, which is called industry classification. 
Such people believe tha.t the trends of various securities in the same industry 
sector are affected by some common factors. In our study, we follow a similar idea 
that securities are influenced by a, set of factors. Two securities are considered 
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similar if their loading coefficients for various factors are close. Therefore, we 
adopt factor model to measure the similarity of securities. 
We consider m-factor model as follows, 
rn 
r.i = k^ + y ] bi.jfj + e,, (2.1) 
where ?、： is the return of the security i, i = 1,2,. . . , n, f j is the random return 
of factor j , j 二 1 ,2 , . . . , rri, (ii is intercept, is factor loading that measures the 
sensitivity of security i to factor j, and e“ i 二 1, 2,.. . , n is the error term with 
a zero mean. Theoretically, each error term should be independent of any fj； 
j = 1,2,... , m and the errors of other securities. 
From the above factor model, we have 
rn 




where f^ and f j are expected returns of security i and factor j , respectively. All 
of the coefficients a and b^j, i = 1 ,2 , . . . , n, j = 1, 2,. . . , rn can be calculated by 
regression. We can thus successfully transform securities into various vectors in 
an (m + 1)-dimensional vector space, 
security(q > (a, b^, h^,.. •，h,^ ,). 
Each security is now a vector in an (m + l)-dimensional space with its factor 
loadings as its coordinates. It is clear that the choice of factors affects the result 
of security transformation. Theoretically, any factor can be selected as long as 
the characteristic based on this factor is meaningful. We can even generate some 
artificial factors to fit the security data. However, more importantly, each factor 
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should be representative, arid the loading coefficients of different securities to that 
factor should not be the same; otherwise, the vectors wil l not be distinguished 
well oil that ordinate when we do the clustering. 
Generally, there are three kinds of factors: rriacroecoriomic factors, such as 
Gross National Product(GNP), consumer price index, and unemployment rate; 
statistical factors, such as the Hang Seng index and the S&P500 index; and 
fundamental factors, such as firm size, dividend yield, and book-to-market ratio. 
In this thesis, we use the Hang Seng Composite Industrial Index, including Hang-
Seng Coiiip. Energy Index, Hang Seng Comp. Materials Index, Hang Seng Comp. 
Industrial Goods Index, Hang Seng Comp. Consumer Goods Index, Hang Seng 
Comp. Services Index, Hang Seng Comp. Telecommunications Index, Hang Seng 
Comp. Utilities Index, Hang Seng Comp. Financials Index, Hang Seng Comp. 
Properties & Construction Index, Hang Seng Comp. Information Technology 
Index, and Hang Seng Comp. Conglomerates Index as 11 factors. On the one 
hand, we agree on the positive relationship of securities in the same industry 
and believe that the different trends among various industries contain a grain of 
truth. These 11 indexes can represent 11 different aspects of the market while 
they are meaningful to consider. Vectors calculated by regression are scattered 
enough and suitable to be clustered. On the other hand, these kinds of security 
indexes are authorized, normalized, and easily found. 
2.1.2 Step 2: Clustering algorithm 
Clustering (cluster analysis) is a discovery process that groups a set of data such 
that the intra-cluster similarity is maximized and the inter-cluster similarity is 
minimized (1996) [4], It has been well developed and widely applied for data, 
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processing in the field of computer science. The purpose of applying clustering in 
this thesis is to find representatives for homogeneous groups to discard duplication 
of information carried out by various securities. Various clustering algorithms 
exist, with the three most common ones being partitioning clustering, density-
based clustering, and hierarchical clustering. Partitioning clustering, including 
k-means, PAM, and CLARANS, aims to partition n points into s clusters so as 
to minimize the intra-cluster sum of squared errors. It performs better when 
clusters are hyper-ellipsoidal or globular in similar sizes. The main advantages 
of this algorithm are its simplicity and speed, which allows its running on large 
data sets. However, it is sensitive to outliers and the final clusters depend on 
the initial assignments. Density-based clustering, including DBscan, is based on 
the assumption that the density within genuine clusters is uniform and much 
larger than the density of the interval. Hierarchical clustering, including CURE, 
ROCK, and CHAMELEON, seeks to build successive clusters using previously 
established clusters. This kind of clustering renders a clear hierarchical tree, but 
the computation cost is high when a large data set is concerned. Because our data, 
set is small and the dimension is low in terms of computation, both partitioning 
clustering and hierarchical clustering can be used. 
For partitioning clustering, we consider only k-means in this thesis due to 
its simplicity. The whole procedure is simply stated as follows, 
k-means Algorithm 
begin 
randomly select s observations from data set as the initial centroids 
repeat 
11 
form s clusters by assigning all observations to the closest centroid 
recompute the centroid of each cluster 
until 
the ceritroids no longer change 
end 
In a partitioning clustering approach, each point is assigned to the cluster 
with the closest centroid. The initial assignment plays a very important role 
in this algorithm, so generally the whole procedure is repeated several times, 
with each repetition having a new set of initial duster centroid positions and 
the chosen result having a minimum intra-cluster sum of squared errors. The 
centroid is typically calculated by the mean of the points in each cluster. In this 
thesis we measure the closeness by Euclidean distance. Another concern with this 
algorithm is that an empty cluster may occur. If a cluster loses all its member 
observations, we will create a new duster using the one point furthest from its 
centroid. 
For hierarchical clustering, the whole procedure is either aggioiiierative 
or divisive. An agglornerative algorithm shown in Figure 2.1 starts with each 
observation as an iiidividual cluster and niorgos the most similar pairs until only 
’s clusters remain, s can be any positive iiiinil)cr smaller than n. A divisive 
algorithm operates inversely. 
Agglomerative Hierarchical Algorithm 
begin 













3' 6 2 5 4 1. Node- W 6' '-t ,5 • '.^"T^r' Node 
Figure 2.1: Two types of hierarchical clustering algorithm 
merge the two closest clusters 
update the similarity matrix 
until 
only s clusters remain 
end 
The essential operation is the computation of the similarity between differ-
ent observations, even between different clusters. Our observations, the securities, 
have been transformed into vectors by the factor model. Thus, the similarity of 
different securities can be easily defined according to the Euclidean distances be-
tween them. The closer the two vectors are, the greater the similarity is. It can 
be measured by 
Similarity = — — L - . 
Euclidean distance 
However, similarity among different clusters appears to be a bit complicated. 
Four kinds of definitions are widely used. Single link describes the similarity 
of two clusters as the distance between the two most similar points in the two 
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clusters. 
D{X,Y) = min d(x,y), 
where D(X,Y) is the distance defined by single link, X and Y are any two clusters 
under consideration, and d(x,y) denotes the distance between the two elements 
x and y. 
Complete link goes to the other extreme by considering the distance between the 
two least similar points. 
D(X.Y) = max d(x.y), 
x€X,y€Y 
where D(X,Y) is the distance defined by complete link, 
The proximity of two clusters is the average of pairwise proximity between points 
in two clusters in the average link. 
1 1 1 1 xeX 
where D(X,Y) is the distance defined by the average link, ]-j is the number of 
elements in cluster (•). 
Centroid link converts the similarity of clusters into that of the cluster centroids. 
D(X,Y) = d £ j f f ^ ^ p p ) 
where D(X,Y) is the distance defined by the centroid link. 
We tried several fundamental and relatively efficient algorithms like k-
means and basic hierarchical algorithm with similar clusters measured by single 
link, complete link, average link, and centroid link, respectively, k-means per-
forms well in general for our data set, but it is sensitive to outliers. Outliers can 
be handled better by hierarchical clustering algorithms, among which complete 
link renders the clusters more even and balanced. As shown in Figure 2.2, all of 
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(a) Single Link (b) Comple te Link 
(c) Average Link (d) Centroid Link 
Figure 2.2: Examples of hierarchical clustering using different links 
the links except for complete link tend to produce a biased hierarchical tree for 
our data set. To reach a state with more even clusters and to handle the number 
of clusters more easily, we apply both k-means and agglomerative complete link of 
hierarchical clustering to calculate our experimental results. The computational 
results show that the choice of clustering algorithm barely affects the final sug-
gested portfolio. We believe there are two major reasons for these results. First, 
our data set is very small and its pattern is simple. The maximum number of 
securities we tested is 100. Because the graph of securities does not show a clear 
pattern, different clustering algorithms make little difference in this situation. 
Another reason is that our problem is not a real graph clustering problem. Only 
one representative is selected to represent the whole cluster and to appear in the 
final solution, making clustering itself not very critical. 
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2.1.3 Step 3: Representative selection by the Sharpe ratio 
The clustering algorithm helps us to partition the data set into s clusters. The n 
securities as a whole form the market. In other words, the market is decomposed 
into s components, and all constituents in each cluster possess the main features 
of that cluster. Theoretically, representatives from all of the clusters together 
possess enough inforination to simulate most of the features of the whole market. 
Even though constituents in each cluster are indistinct in principle, we still seek 
to find the one with better performance. Many methods exist for measuring 
the performance of securities, such as the Sharpe ratio, Jensoii's Alpha, and 
the Treynor ratio. Although different measurements have different economical 
meanings, we use the Sharpe ratio as our standard. 
The Sharpe ratio is a risk-adjusted measure, 
n — ,"/ 
s = 
o-i 
where 'i\ is the expected return of asset v', r / is the risk free return that is a 
constant, and di is the standard deviation of asset i. 
The Shaper ratio represents the excess return per unit of risk in a trading 
strategy. This measurement, without a doubt, is very useful, because even if one 
portfolio or fund can yield higher returns than others, it does not guarantee that 
it is a good investment due to the possible high risk involved. It is generally 
recognized that a larger Sharpe ratio is better. 
We chose the Sharpe ratio as our benchmark to select the representatives 
largely for two reasons. Primarily, the Sharpe ratio has a good fit with the 
mean-variance portfolio theory, which is the main assumption of our model for 
evaluating the performance of securities. In addition, we wil l not eliminate any 
securities in this step because a negative Sharpe ratio is still meaningful. 
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2.2 Numerical results 
The constituent securities of the suggested portfolio, which are the the represen-
tatives from all the groups, are fixed. The mean-variance diagram displays all 
possible return and risk pairs of the efficient portfolios. The efficient frontier in 
the mean-variance space is a curve of mean-variance pairs not dominated by other 
feasible portfolios: it is the upper branch of the minimum-variance set calculated 
by the following formula, 
min == x'Qx 
X 
Subject to: I ' x = 1, 
r'x — f. 
We try to make the efficient frontier of the suggested cardinality portfolio as high 
as possible. The closer the efficient frontier of the suggested portfolio to that of 
the market, the better it performs. When the objective return is given, we can 
quickly determine the corresponding risk. 
We constructed computational experiments using the data of 50 stocks 
between Jan. 1st, 2007, arid Nov. 24tli, 2008, from the Hong Kong market and 
choose 11 Hang Seng Composite Industrial Indexes in the same period as 11 
factors. The risk-free rate was obtained from the 30-year Treasury Yield Curve 
Rate, which is 0.0008918. To observe the result clearly, we used an efficient 
frontier diagram to compare the suggested portfolio arid the market portfolio 
under a no-shorting constraint. We used the notation “n 一 s" to denote a case 
with a problem size of n and cardinality size of s. The lower red line is the efficient 
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Figure 2.3: Experiments for “10-3” 
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Figure 2.4: Experiments for “10-2,3,4” 
We carried out hundreds of experiments. As shown in Figures 2.3, 2.4，and 
2.5, the efficient frontier curve of the suggested portfolio is always not far away 
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Figure 2.6: Experiment with poor result 
from that of the market, even overlapping the curve of the market portfolio when 
a high return and risk pair is concerned, in a no-shorting case. One possible rea-
son for this result is related to the selection of the representative. As mentioned 
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in Subsection 2.1.3，we select the security with largest Sharpe ratio as the repre-
sentative from each cluster. In that case, no matter how we group the securities, 
the one wi th the largest Sharpe ratio in the whole market wi l l be included in our 
suggested portfolio. We find that, usually, the security with the largest Sharpe 
ratio is also the one with the highest return. Thus, the efficient frontier of the 
suggested portfolio can begin at the right-most point in a no-shorting case. 
However, when the security with the largest Sharpe ratio does not have 
the highest return, the efficient frontier of the suggested portfolio appears like the 
lower curve in Figure 2.6. Therefor, we conclude that only if a cardinality portfolio 
contains the security with the highest return can its efficient frontier overlap 
that of the market portfolio at the right-most point. Otherwise, high objective 
return and risk pairs can not be reached by our suggested portfolio. Even if the 
suggested portfolio performs well when the objective return is high, it is hard to 
control the case in which the objective return is low. Similarly, it is more difficult 
to distinguish between superiority and inferiority in our suggested portfolio when 
shorting is allowed. The problem lies in the fact that the weights of the constituent 
securities, even the constituent securities themselves, wil l be changed because the 
investors require different expected return from the portfolio. Nevertheless, the 
constituents of our suggested portfolio do not change further after the clusters 
are fixed. Only their weights change to accommodate different risk and return 
pairs. In such a case, a. static solution scheme can not totally satisfy the needs 
of all the investors. Our heuristic should provide targeted solutions for various 
investors whose expected returns from their portfolios are different. 
We enumerate the efficient frontiers of all the combinations in an experi-
ment for "10-3" i l l Figure 2.7. The upper contour of the red curves is the optimal 
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Figure 2.7: Contour of experiment for “10-3” 
solution. The constitent securities and the weights of the optimal portfolio vary 
with the change of the objective return. Thus, we need to adjust the technique of 
representative selection to make the suggested solution as close to this upper con-
tour as possible. To allow for the static feature in this heuristic, a new dynamic 
approach to representative selection will be proposed in Chapter 3. 
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Chapter 3 
Modified Portfolio Selection 
Using Clustering Methodology 
In this chapter, a dynamic approach of representative selection is proposed to 
outperform the static solution scheme discussed in the last chapter. In Section 1, 
we first illustrate the generation of artificial factors for the factor model. Then, 
we give reformulation of problem (P) considering clusters as constraint of pre-
grouping in Section 2. In Section 3, we demonstrate the results of numerical 
experiments in detail. 
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3.1 Analysis of artificial factors 
As mentioned in Chapter 2, the choice of factors significantly affects the transfor-
mation result of securities. In an ideal situation, we expect to find such factors 
that the vectors we obtained from Eq. 2.1 not only are reasonably scattered for 
clustering but also wi l l result in negligible error term e. First, if the vectors are 
too concentrated or indistinctive, the error of clustering wil l be very large. Sec-
ond, a large error term means that the vector involved with coefficients a and b 
misses a lot of information contained in the error term. Obviously, in both cases, 
the transformation fails. We use 11 Hang Seng Composite Industrial Indexes 
as our factors due to their relative independence. These factors are presumably 
observable variables, and the statistical properties of the security returns can be 
studied independently, making h more meaningful. However, due to their natural 
properties, they may not be optimal representations from a mathematical point 
of view. The disadvantage of these factors is that it is often impossible for them 
to be totally adaptable to the sample security returns. In that case, the error 
term may be relatively large. We conjecture that some artificial factors generated 
from the security return directly may statistically fit better. 
One common mathematical procedure is principal component analysis 
(PCA), which was introduced by Karl Pearson (1901) [22], and is now largely 
used as a, tool in exploratory data analysis and for constructing predictive mod-
els. PCA is an eigenvector based multivariate analysis aimed at reassembling the 
original correlated indicators into a new group of mutually independent compos-
ite indicators called principal components, from which a few important ones are 
selected to reflect the original information. The degree of information retention 
is based on the actual needs. PCA is often used for dimensionality reduction. We 
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assume that we have p indicators, and denote them as p variables , • • • , Xp. 
PCA should convert these p correlated indicators into some new indicators de-
noted as Fi,…,Fk{k ^ p). The conversion between them should follow the 
rule that the new indicators need to retain enough information from the original 
indicators. The common practice of PCA is to seek a linear combination of the 
original indexes, 
Fi = anXi + H h a.i.pXp, 
F2 = 0.21 H + 0,22X2 H h (l2pXp, 
Fp = ftp] A'l + ap2^2 + . • • + ci'ppXp, 
where X i , - • • , Xp are original correlated indicators and Fi, • • • , Fp are new in-
dependent indicators called principal components. We denote X = (Xi , • • • . Xp) 
and F = (Fi,…，F.p). It may be also noticed that 
+ + . — + = 1 ’ z 二 I r ••，P 
Cov(i%；, F j ) = 0,2 ^ J, I, J = ,P 
Var(Fi)》Var(F2) ^ • • • ^ Var(Fp), 
which means that the sum of the squares of the coefficients associated with each 
principal components is 1. The correlation between any pair of principal com-
ponents is 0, with no over-lapping information, and the variances of principal 
components are in decreasing order, indicating that the corresponding impor-
tance is in decreasing order. 
Mathematically, the orthogonal unit eigenvectors Ui, • • • , Up associated 
with the eigenvalues A = Ai, • • • , Xp of the covariance matrix of variable X is 
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the direction of the principal components. The following can be derived: 
Fi = uuXi + 1112X2 + h u�pXp 二 J^wi, 
F2 = U21X1 + U22X2 H h U2pXp 二 XU2, 
Fp = UpiXi + Up2X2 + h UppXjj = Xup. 
I t can also be shown that the magnitude of the eigenvalue determines the 
importance of the corresponding principal component: The one wi th the largest 
eigenvalue is called the first principal component and so forth. The contribution 
rate of the j/'h principal component is defined as 
p 
A7；/ ^ ^ Xi-
The cumulative contribution rate of the first k principal components is defined 
as 
k p 
E a , / E � > 
？ = 1 
This operation can be thought of as revealing the internal structure of the data 
in a way that best explains the variance of the data. If a multivariate data 
set is visualized as a set of coordinates in a high dimensional data space with 
each variable as an ordinate, PCA can provide the shadow of the objects in a 
lower dimensional space from their most informative point of view, the first few 
principal components, k depends entirely on the degree of information retention, 
described as the cumulative contribution needed. 
Actually, PCA is sensitive to the scaling of the original correlated variables. 
If we have just two variables 二 (1, 2,4) and X2 二 (1, 3,4), for example, and 
they have the same sample variance and are positively correlated, the coefficients 
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for the two variables with respect to the principal component wil l be equal; that 
is, , X2 = O.7O7IF1 士 0.7071/^2. However, if we multiply X j by 100，X】= 
Fi +O.OO93F2 indicating that the first principal component wil l be nearly the same 
as A'], wi th a small contribution from X2, whereas the second corriponent wil l be 
almost aligned with X2; that is，X2 = ().0093Fi — Fo. Thus, PCA is a soinewliat 
arbitrary method of analysis by adjusting the unit of X . One way of making the 
PCA less arbitrary is to use variables scaled so as to have unit variance. We use 
it to staridarclize our data first to generate principal components. 
As mentioned, PCA is a niatliematical procedure that uses an orthogonal 
transformation to convert possibly correlated variables into independent variables 
that retain most of the original information. It is purely a. statistics based pro-
cedure with no financial analysis of data. The disadvantage is that it is too 
sensitive to particular fluctuations in the data. It is not difficult to imagine that 
the first several principal components should be crucial factors for the whole data, 
set while the rest of the principal components may only reflect the fluctuation of 
a, few securities or even only one security, especially when some security has a 
special peak or bottom. In that case, some principal component may have nearly 
the same pattern as the sociirity with special iriovcinent. so the coefficient of tliat 
principal component wil l be almost 0 for all of the securities except for the one 
it simulates. Figure 3.1 shows an example of such factors, denoted by F] , with 
61 as its coefficient. This kind of situation will generate many outliers, making 
the duster unreasonably biased. Tlie ininierical experiments also confiriii this 
argument. Although more factors are generated from PCA, theoretically, more 
information from the original securities is retained’ but the clusters are more bi-
ased. Therefore, the CPU time will be greatly reduced; however, the accuracy of 
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the solution will decrease. 
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Figure 3.1: The coefficients hi & 62 of 30 securities with respect to Fi & A 
3.2 Problem reformulation 
Problem (P) is actually an NP-hard (") combinatorial problem. The key prob-
lem is that (F) is discrete, and the number of feasible solutions is too huge to 
enumerate. Therefore, we may need to consider simplifying such a combinato-
rial selection. As introduced in the previous chapter, the clustering technique 
can help divide the whole security market into several groups, each with intra-
consistent and inter-diverse features. Representatives from homogeneous groups 
can somewhat represent the trend of the whole market, and duplication of infor-
mation is discarded. Thus, the main problem is how, in each cluster, one typical 
and one better security are chosen; this problem is unsolved in the last heuristic. 
We cannot provide a unique portfolio to satisfy various investors with different 
objective returns and risk tolerances. Therefore, we consider adding the cluster-
ing result as a pre-gronping constraint to problem {P) to reduce the size of the 
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combinatorial choices. In this case, the clustering result can be better utilized. 
We still apply the 3-step algorithm as in the last heuristic. Wc first trans-
form all of the n securities into vectors through the factor model and then cluster 
all these securities into k groups. Let I“i — 1 , . . . , k be the index set for each 
cluster sucli that 
= for z ^  J, 
J = { 1 / 2 ,….， " } . 
We can reformulate problem (I)) by adding pre-grouping constraints as follows, 
(Pi) min (7^  二 x'Qx^ 
X 
Subject to: I ' x = 1, 
r'x > r . * (the totoal expected return should be no less than f ) 
—z,M < 工?: < z"\ '/，I = 1 , … ， n . 
< Q:” y = 1, • • • , A:, * (choose at most cyj securities in cluster Ij) 
ieij 
Zi > PJ, J = 1, • • • , k, * (choose at least [3�securities in cluster I j ) 
ieij 
n 
y ^ Zi < s, * (the total cardinality contratint) 
二 1 
二 = {o，ir, 
X > 0, * (this constraint is only for problem under no shorting constraint) 
where Q = {Q?心Jl;')二i G is the covariance matrix of n risky securities in 
the market, Q�] is the clement of Q in the z-th row and the j - t h column, i,j = 
1，. . • , n, X 二 • • • , and x, is the portfolio weight of the z-th securities. 
r = (7.1’. • . j.r,y. We can fix the objective return at some m.bitrm.y value r , k is 
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the number of clusters, s is the cardinality, a],丨3” j = 1, • • - , A；, are the upper and 
lower bounds of the number of securities we can choose in cluster j , respectively, 
and they are integers with cij > [3j > 0,j = 1, • • • , /c. M is a large positive 
number. 
Problem {Pi) is still a quadratic prograrninirig problem. We greatly reduce 
the dimension of the problem by introducing a pre-grouping constraint. A (") 
problem is successfully decomposed into several small dimensional combinatorial 
problems. The trade-off between cornpiiting time and the accuracy of the solution 
can be balanced by the coefficients a, 8, and the ratio of k and By considering 
problem (尸i), we can generate different portfolios based on different f . This is a 
dynamic approach taking comprehensive information into account as opposed to 
the heuristic in Chapter 2. 
Generally speaking, the solution of (Pi) is closer to that of (/)) as a — (3 and 
k/s increase; however, the CPU time will increase as a trade-off. The following 
numerical tests also confirm our conjecture. 
3.3 Numerical results 
In this section, we present computational experiments using data, for 679 stocks 
between Jan. 3rd, 2000, and Dec. 28th, 2009, trorii the Hong Kong market. The 
computer we use to conduct the experiments is an Inter(R) C()re(TM) 2 Quad 
CPU Q9400 • 2.66GHz,2.87GB of RAM. We choose Matlab to process the clus-
tering algorithm, and we compare the computational performance between ours 
and CPLEX 12.2, a commercial optimization software that is better at quadratic 
prograinrning, both in running time and accuracy. 
For CPLEX 12.2 iniplernontatioii, both M and z” for / = 1，…,n arc 
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introduced for mixed-integer programming. After several tries, we found that 
M = 10 is large enough to solve the problem. 
For each kind of problem, we generate 10 cases to calculate. In Tables 
3.1 arid 3.2, we list all the problems we are addressing and present the results of 
problem (F) by CPLEX. The column 'CPU' refers to the execution time of CPU 
in seconds. We pre-set an upper limit of 3600 CPU seconds for calculation: that 
is, we stop the calculation if a solution is not found within 3600 CPU seconds. 
The column 'Node’ corresponds to the number of nodes visited in the emirnerating 
tree. The colinnn 'Op tV is the objective value solved for by each method. Wo 
use the notation “n — s — f ” to denote a case with a problem size of n, cardinality 
size of s, and objective return of ？ T h e three types of objective return, “high”， 
“mid”, and "low" indicate that we set f as 772/.7i(r)-i-1 (?na.x(r) - rnin{r)), rm:n(r) + 
-^{rriax{r) — rinn{r)), and rmn{r) + ^{rnax{'r) 一 min(r)), respectively. We solve 
problem (Pi) using the industry index, the first 11 principal components of PCA, 
as well as principal components containing 80% information of PCA as factors for 
the factor model denoted as “industry”，"PCA", and “PCA—80%”. We also test 
both "complete link" and “k-meaiis” clustering algorithms. Each kind of problem 
is resolved by our method using the different parameter settings of k% s, o，and 
0. In Table 3.3 to Table 3.74, the column 'CPUT refers to the CPU of clustering 
using Matlab, and 'CPU2' refers to the CPU of quadratic programming using 
CPLEX. The column ；Ratio，is calculated by :CPU2'广CPU，，where X^PU' is the 
corresponding time for problem (P) presented in Table 3.1 and 3.2. This column 
compares the time of our method and CPLEX. We also give the accurate rate of 
the objective value of our methods and problem (F) in column 'Acc\ which is 
calculated by 
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Generally speaking, our method always has the advantage of CPU time 
over CPLEX. The special case is the problem under the no-shorting constraint 
with "high" f . Due to its simple structure, most such problems can be solved in 
the pre-solving step in CPLEX. However, when we try to solve it by our method, 
some nodes are forced to be checked, resulting in wasted time. In Table 3.3 to 
Table 3.74, we can see that the solution of (Pi) is increasingly closer to (/)) with 
the increase of a — /i and k/s: however, the CPU time increase as a trade-off. 
There are also a few special cases for some problems with no-sliorting constraints, 
il l Table 3.39 for example. 
Compared with the complete link clustering algorithm, k-means algorithm 
provides a better objective value, in general. The ainoiint of information kept 
for 11 principal components of PCA is almost 4.29% and 1.82% for n 二 100 and 
n = 200, respectively. In addition, the iiunibei, of factors for principal components 
with 80% of the information from PCA is 54 and 91 on average for n = 100 and 
n 二 200. We can conclude that PCA as a statistical algorithm has an inherent 
defect in generating principal factors. Even if we keep more information from 
the securities, we cannot guarantee that the results of factor model are suitable 
for clustering. In our experiments, the performance of “PCA” is better than 
"PCA_80%" most of time: however, both of them are not as good as “industry”. 
For problems with n = 100 and no shorting problems with n = 200, both 
our method and CPLEX can render exact solutions within a 3600-second time 
limit. The columns 'Ratio' and 'Node' show that our method uses less time 
and check fewer nodes than CPLEX. It is apparent that our method is more 
efficient, although we only obtain a sub-optimal solution. For shoiting-allowed 
problems with n = 200, CPLEX can not find exact solutions within the time 
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l imit. Some of methods can, but 'Op tV is still not as good as that of CPLEX. 
For those problems, none of the methods can find exact solutions, but some of 
the solutions from our methods are even better than those found by CPLEX, as 









































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Minimum Variance Point 
In our study on cardinality-constrained portfolio selection, we find that, when 
shorting is not allowed, the efficient frontier associated with a cardinality-constrained 
portfolio that contains the security with the largest return will perform well in the 
"northeast" region, where large return and risk are concerned. This observation 
leads lis to think of a new way to do portfolio selection. We can easily guarantee a 
portfolio's performance in the right-most region but not the left one, where both 
return and risk are small. In that case, a Minimum Variance Point (MVP) should 
be considered to handle the risk for a low return case. The problem here is to 
apply a cardinality constraint to find a portfolio with s assets whose variance of 
MVP is as small as possible. It is also an NP-hard problem. If any enumerative 
method is applied, nothing becomes meaningful. We discuss five tricky heuristics 
in the following five sections. 
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We formulate the problem as follows, 
(尸2) min x'Qx 
X 
Subject to: I'x — 1, 
n 
� = 5 , 
where Q = {Qi j } \ l ^ j= i G is the covariance matrix of n risky assets in the 
market, Qij is the element of Q in ？'-th row and j - t l i column, i,j 二 1, • • • , n. 
X 二 (x'l, • • . , XriY and x.^ is the portfolio weight of the z-th assets, s < n is some 
positive integer, and is the indicator function, that is, (5(a) = 1 if a ^ 0 and 
S{a) 二 0, otherwise. 
we first define some notations as follows, 
• Let be the set of n x n positive define matrices, I the identity matrix, 
and v{-) the optimal value of problem (•). 
• Define the following diagonal matrix set, 
Z � ： = { z G { 0 , i r x n I 1 , 之 1 = s,Zi’] = 0 if t ^ j } 
where 1 is the vector wi th all elements being 1. (In the following, we ignore 
to specify the dimension of vector 1 , since it can be easily understood from 
the context.) 
• For any z* G A e S'l, the notation 斗*] G S^ denotes the principle 
sub-matrix of A, constructed according to z*; that is, the z-th row and 
column are taken from A to construct ^[2*] when 2;*, 二 1. For example, 
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consider a problem with n = 4, .s = 2, 
( 成 ， 2 ^ 1 , 3 1 ^ 4 、 
义 2,1 ^2.2 ^2.3 ^2.4 
A = . . . 
^3,1 ^3,2 ^3,3 ^3,4 
乂 Ai，i ^4/2 ^4,3 ^4,4 y 
and 2：* = diag(l , 0,1,0), then is 
(Aj 1 3 \ 
4 r Jk 1 丄 1 1 丄，、J 
. 4 z = . 
\ ^3,1 A3,3 
• For covariance matrix Q of n risky assets in the market, we define X f as the 
index set including the indices of first s smallest elements of (Qi, i , Q2,2 …，Qn,n). 
4.1 Iterative elimination scheme I 
{P2) is an NP-hard problem because it is discrete and the number of feasible 
solutions is too large to enunierate. Therefore, simplification of a combinatorial 
problem is the key here. I t is impossible to reduce the cardinality from n to s 
directly, so we carry out an iterative procedure instead and solve the problem 
from cardinality n to n — 1, n — 2,. . .， t i l l s. 
Procedure 
= Z(n 一 1) 
begin 
for k := n — I to .s 
enumerate z ^ Z^ 
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to solve 
(P：,) m m (ZXYQIZX) 
X 
Subject to: V{zx) 二 1, 
Vx = 1. 
let x* and z* be arg min：^..^ (zj;)^Q(zx) under the conditions in (F3) 
set := {z G Z{k — 1) I zu = 0 if z^ = ()} 
end for 
end 
This procedure may not lead to the real optimum. However, as shown 
in the numerical results, even though it does not always provide an optimal 
solution, it usually does. The rest of time, the suggested solution is very close to 
the optimal one. If the suggested solution locates close to the global rninimmn 
point, we could make an irnproveinent to the suggested solution by the following. 
Procedure 
is the set obtained from last Procedure 
begin 
repeat 
enumerate z G Z各-乂 
to solve 
(P3) mill {zt)'Q[zt) 
X 
Subject to: l'{zx) = 1, 
I ' x = 1 . 
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let X* and be arg rniii口 [z:i:)'Q{zx) under the conditions in (P3) 
set Z�s := {z e Z(s) I = 1 if zl^ = 1} 




Subject to: l'(zx) = 1, 
1 X = 1. 
let X* and z* be arg min.^ {zxyQ{zx) under the conditions in (F3) 
set := {z e Z{s 一 1) I 2,-,； = 0 tf zl^ = 0} 
stop if Z r i does not change any more 
end repeat 
end 
This algorithm looks simple, but it is enough to convert a solution to its 
closest local solution or even global optimal solution. Thus, when the original 
solution is very near to the global optimal one, it can give the optimal solution 
after being converted. The numerical experiments also provide similar conclusions 
in Section 4.6. 
4.2 Iterative elimination scheme II 
Besides the method discussed in Section 4.1, we consider the problem from an-
other aspect. {P2) is entirely NP-hard due to its cardinality constraint. The 
problem without such a constraint can be easily solved as a quadratic program-
ming problem. We also know that different constituents in a, portfolio do not have 
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the same effect on that portfolio. One with a larger weight affects the portfolio 
more while another with a weight with an absolute value close to 0 influences 
the portfolio slightly. In this case, we can solve for the weights of the market 
portfolio in MVP, which is a quadratic problem, and eliminate the security with 
the smallest absolute weight, then repeat this procedure until only s securities 
are left. The remaining s securities can be considered as a portfolio whose MVP 




for k := n to 5 + 1 
enumerate z ^ Z^ 
to solve 
(Ps) mill (zxyQ{z:i:) 
X 
Subject to: l'{zx) = 1, 
1/x = 1. 
let.T* arid is arg (zxyQ(zx) under the conditions in (F3) 
set 1 ：二 {z e Z(k — 1) I ：“ - 0 if ||x*|| belongs to the first n-k + l 
smallest elements among ||a;*||} 
end for 
end 
We also do some numerical tests using this method. The results are not 
as good as the method in Section (4.1) but are acceptable. 
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4.3 Orthogonal matrix mapping 
Generally speaking, the problem (P2) is hard to solve efficiently using enumerative 
algorithm, but if the covariance matrix Q = G of n risky assets 
has some special structures, it will become easier. 
It is not hard to see that the solution of problem (Pi) can be found by 
enumeration z G 
* . 1 
z = arff mm ~ , , , 
= a r g max l'Q\z]~^l (4.1) 
zezis) 
with the optimal portfolio being x* = Q[z*]~^l and minimum variance v{P\)— 
I'Q卜1*]—ii. Note that the total enumeration is same as the cardinality of Z{s) is 
ps _ n\ 
^ n — sl{n~s)\ ‘ 
Lemma 4.1 If Q is a diagonal matrix, then z* solves problem, {Pi), i.e., 
z* = 'dig mill ~ r 1 1 (4.2) 
= a r g max (4.3) 
zez{s) 
with 
. ‘ 0 
Z〜二 \ 
1 7； GX?, 
\ 
and v{Pi) = Qv : . 
We are now considering creating a new space in which the mapping of Q is 
a diagonal matrix, called D. Here, spectral theorem for real symmetric matrices 
is applied. 
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Lemma 4.2 There always exists an orthogonal 'matrix P G W'"' and a diagonal 
matrix D G M"*"" such that, 
Q = PDPT. 
If the eigenvalues of Q are Ai，. • • , A„, then we can take D = diag{Xi, • • • , A,,) 
and Pi, the i-th column of P, to be the eigenvector associated with the eigenvalue 
Aj for i = 1 5 • • • , n. 
So we can map our covariance matrix Q to a diagonal matrix in a new 
space and z to y in the same space by 
Q 二PDpT, 
The cardinality of y is easily handled due to the property of D, and y is the 
mapping of z. Theoretically speaking, z may reflect some cardinality character-
istics of y. The only problem is that we can not fix the cardinality of : by such 
transformation and it is based on the mapping itself. Situations may exist in 
which the mapping is not appropriate, even if z still has a cardinality of n. 
According to our numerical test, usually such mapping does not work well. 
X still has a cardinality of n. We must apply the method in Section 4.2 again to 
rule out a number of assets with small weights until only s securities. 
4.4 Condition to solve diagonal dominant prob-
lem 
In this section, we discuss some portfolios with special covariance matrix struc-
tures to see whether they have desirable features. As mentioned in Section 4.3, 
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if the covariarice matrix is diagonal, we can simph^ choose .s securities with the 
smallest variances to form a portfolio. Thus, the question becomes in which 
condition of covariance matrix we can use this method to pick up securities. 
Let Q = D + H, where D is the diagonal of Q and H is the non-diagonal 
part of Q: 
D 二 diag(Qi’i，... ,Qn’n) (4.4) 
f 0 Q i ’ 2 . . . Q l ， n \ 
H 二 込’I () .... Q�- (4.5) 
乂 Qn,\ Qn,2 … 0 y 
Obviously, when the correla,tion of each securities is 0, the minimum vari-
ance of the portfolio is constructed by selecting the security with the first s 
smallest variance Qi^, i G X f . An interesting problem is whether, when Q is 
not diagonal, we can still construct the minimum variance portfolio by selecting 
5 security with the s smallest variance. Before we give the main result, we need 
the following results: Lemma 4.3, Lemma 4.4, and Lemma 4.5. 
Lemma 4.3 For any A G and z G Z{s), it has 
A m i n ( 姻 ） > Amin⑷，入醋(斗]) < 入磁⑷， 
where Aniin(-) and Amax(-) are the niimmuin and maximum, eigenvalue of matrix 
(•), respectively. 
Lemma 4.4 For any A E 股 " ） 几 ， 召 〔 股 " x 7 i ， w h e r e A is mvertahle, then 
{A + B)-' = /1一1 一 + BA-^y'BA-' 
= - A-'B{I + 
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The above result is from Chang(2006) [2 . 
Lemma 4.5 Given (flj., a'」，.••，a,,), we define z* = {z^, - • • , z:)' as 
y 
1 2G:r『， ，、 
z; = ’ (4.6) 
0 I代, 
\ 
where is the index set including the indices of first s largest elements of 
(tti, a2,. • • , (In)• Clearly, 2：* solves the following problem, 
z* = arg max (az). (4.7) 
zeZ{s) 
Define another function g[z) as g{-) : Z{s) 一 M. If the following condition is 
satisfied. 
iriin (di - a,) > g(z*) + max g(z)\, (4.8) 
Then z* also solves 'problem m a x跃 ( Q ^ ' z — , , 
= arg max (az — g(z)]. (4.9) 
zGZ{S) \ / 
Proof. Under condition 4.8, if we assume that 2;* 二 arg umx.(zz{s)W^ 
z = argmax{a'2； — g{z)}, and 2：* ^ z, then we have 
(/z* — a'z > mill (a,- - a,) > + max \cj(z) 
- l e x t j m - ' 
>g{z*)-9{z) 
az* -g{z*) > az-g{z), 
which is contradictory to the assumption that 乏=argnrdx{a'z — g(z)} and 
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Note that o!z, z G Z{s) is the summation of s elements of (ai,. • .，a,,). If 
we regard the function g{z) as a perturbation of summation a'z, then Lemma 4.5 
basically says that, if such a perturbation is small enough, we have 
arg max {a z) = arg max [a z 一 g[z)). 
Theorem 4.1 In problem (Pi), we have Q 二 D + H，where D and H are defined 
as (4-4) a7id (4-5), respectively. If the following condition holds, 
mm 1'(QIZX'^，x(严)| 二 (‘叫 
Q i , i Q j j \ ) W m i n • A m i n ( Q * ) 
where Qmm = mir^ Qi’“ and z* = (z^., �…,z*^) is defined as 
‘ 0 i ^ X ? , 
(4.11) 
1 7； e J?, 
V 
then z* solves problem (Pi), i.e., z* maximize (4.3). 
Proof. Applying Lemma. 4.4 to matrix Q[z\ = D[z] + H[z\ for any 2 G Z{s) yields 
(Q问)-1 二 {D[z\ + H[z\)-' 
-D[z]-^ - D[z\-\I + H[z]D[z]-^ 
二 1 - D[z\-\D[z\D[z]-^ + H[z\D[z]-^)-^H[z\D[z\-^ 
二 1 — Q[z\-'H[z\D[z\-\ (4.12) 
Note that Q[z\~^ H[z\D[z\~^ is a symmetrical matrix. From (4.12), we have 
l'(QH)-il 二 问)-il 
=l'{D[z])-^l 一 r{Q[z]''H[z]D[z]~^)l 
= l/z-g{z), (4.13) 
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where we define b = (61’-..，6,")' with 6,： = 1/Q,i，“ i = 1, • • • ,ri. and g[z)= 
1'{Q[z]~'^H[z]D[z]~'^)l. Then, we apply Lemma 4.5 to (4.13) and have the fol-
lowing condition, 
mill — > 1' (q[z*]'' Hlz'^mz']-^]! + max \1'(q[z]-'H\z]D[z]-')l\ 
Q j j ~ 乂 L J L J 乂 托 邓 ） � L � L j u 乂 
Note that the uniform upper bounds of max_j谓力 1'H[z*]D[z''Y^)l is as 
follows, 
max \l\Q[zY'H[z]D[z]~')l\ < 丄^ 〒^丨二 
Qxnm • K n m \ Q ) 
where the last inequality is from Lemma 4.3. Thus, we arrive at condition 4.10 
in the Theorem, which completes the proof. • 
Furthermore, we can obtain a more sufficient result from condition 4.10 
by using Gersgorin disk Theorem, 
n 
Amax(丑）< f) ：二 max V IQq.l. (4.14) 
7 = 1,••• .n ^~~^ 
JT^i 
Thus, we have another condition 
mm 1'(q[zT'H[z'']D[zT')i-^ , , (？,….(4.15) 
\ } Wmin/MriirilVj 
Note that XIj'/?; lOijI is the surnrriation of the absolute value of each row i of 
matrix H and p is the largest value of such surnmation. 
As a summary, we apply conditions 4.10 and 4.15, which guarantee that 
the cardinality-const,rained problem (F) can be solved by selecting the s securities 
with the s smallest variance Q�” The niniierical test indicates that the condition 
generated here is a, little bit strict. However, some results support such a method 
as a valid heuristic for the problem with relatively small value on off-diagonal of 
the covarianco matrix. 
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4.5 C\ formulation 
The cardinality of x G is the number of nonzero components of x. It is termed 
as £o-norrn and denoted by ||.7;||o. We should note that this is an abuse of notation 
because ||a•；||o is not a norm. 
The norm optimization problem is non-smooth and non-convex so, in 
general, is not tractable. Under suitable conditions, minimizing the >Ci-norm is 
equivalent to minimizing ^Co-norm. 
The Ci-Cq equivalence roughly states that if x E R”' is sufficiently sparse, 
the NP-hard problem of finding the sparsest x can be solved efficiently and exactly 
via linear programming by minimizing an appropriate £1, that is, ||x||i. (2008) 
25:. 
Our focus is on finding a portfolio close to the MVP of n risky assets' 
portfolio with a small cardinality. Thus, we consider the following Lq optimization 
problem, 
{Pq) m i l l I X 0 + A 3： — xmvp 2 
X 
Subject to: I ' x = 1, 
where xmvp is the solution for the MVP of n risky assets' portfolio. 
{P4) is non-smooth and non-convex, so is, in general, not tractable. We 
can, instead, investigate the following L i optimization problem, 
2 
(A) mill ||.t||i + \\\x - Xmvp 2 
X 
Subject to： I'x = 1. 
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Note that (尸5) is convex and can be converted into the following equivalent 
optimization problem, 
{Pq) rnin i V + A||:r — XmvpWI 
T “ 
Subject to: I'x 二 1, 
x^ < x,,?； = 1, • • • , n， 
where r = (r i , • • • , r^)'. 
The advantage of this method is that, if it works, we can find a portfolio 
with small cardinality close to any point along the efficient frontier of a portfolio 
of 77 risky assets by replacing xmvp- However an interesting problem arises when 
(尸5) generates the "same" solution as (F4). 
We can easily prove the case when n 二 2. For (P4), in the feasible region 
S = {x G X2 = 1}, all feasible solutions are of cardinality two, except for 
two cardinality one points, (J) and . Without loss of generality, we assume 
that 
fO\ fl\ 
—Xmvp < n 一 ^MVP . 
W VO 乂 
Thus, if Xmvp is not in the first quadrant, it must be in the second quadrant. 
Since 
f 2 + AII.t — z / : 7 ; G § \ { Q u O } , 
X 0 + A X 一 X M V1 2 二《 
[ 1 + X\\x-xmVP\\1 if X IS (J) or (；)). 
(?) is the cardinality one solution to (F4) if 
入 ^ ~jo\ 9 • 
( J — :l;MVP 2 
For (P5), we need to consider two different cases, 
83 
(i) xmvp is in the first quadrant. In such a case, xmvp solves (P5). We thus 
conclude that (P5) does not generate the cardinality one solution as (P4) 
does when xmvp is in the first quadrant. 
(ii) 'Xmvp is in the second quadrant. In such a case，we first investigate the 
derivative of ||.7;||i + A||:r — XMVpWi with respect to X2 on S in the second 
quadrant. As 
+ A||X 一 XmvpII2) 
^ . X G S . x i < 0 
CIX2 . 一 
_d(2x2 — 1 + A [ ( l — .X.2 — . X - M V P l ) ' ^ + (：/；2 — 
dX2 
=2 + A [ -2 ( l — x‘i — T/wp】)+ 2(>2 — xmvp'I).. 
When 
A < i , 
— XMVPI + X M V P ' 2 — 1 
the above derivative remains positive for x-z G [1, xmvp'i], and then (J) is 
the solution to (尸5). 
We can now conclude that, if 
A < min{— - } , 
II ( j — XMVPWo —-^^^MVPl + XMVP2 — 1 ‘ 
then (P5) does generate the cardinality one solution (?) as (F4) does, when xmvp 
is in the second quadrant. In a similar way, ((;) is generated by both {P4) and 
(/^r))，when Xmvp is in the fourth quadrant. 
The proof is complicated when the dimension of x is high, but we can 
assume that the same property holds when x has a higher dimension. However, 
the solution we obtain here is a shorting-allowed portfolio because x ^ y p can not 
be in the first quadrant. When we do the numerical test, the cardinality is difficult 
84 
to reduce. Because any point along the efficient frontier means diversification, 
it is really difficult to find a solution that is close to the efficient frontier of n 
securities and having small cardinality. The way to decrease the cardinality is to 
enlarge A. However, {Pq) becomes unmeaningful in that case, and it may make 
the covariance matrix Q ugly. 
4.6 Numerical results 
We present computational experiments using data from 965 securities between 
Jan. 2nd, 2006, and Dec. 31th, 2009, from the Hong Kong market. The computer 
we use to conduct the experiments is Inter(R) Core(TM) 2 Quad CPU Q94()() • 
2.66GHz,2.87GB of RAM. We choose Matlab as our programming environment 
for the experiments and CPLEX for finding the real optimal solution for (P3). 
Matlab is flexible and user friendly for a technical computation. However, in the 
search for an optimal solution, the performance of CPLEX both in running time 
and accurate results is better. 
Tables 4.1 and 4.2 show that the method applied in Section 4.1 perforins 
better than that in Section 4.2. In addition, the suggested solution can be im-
proved by the method introduced in Section 4.1. The CPU time can be greatly 
reduced by our methods. In Table 4.3, we observe that the orthogonal matrix 
mapping method in Section 4.3 does not work well; however, it can be greatly 
improved, indicating that its suggested solution is not far from the global opti-
mum. 
Finally, we combine the suggested MVP portfolio obtained from our heuris-
tics and the security with the largest return. Sometimes the efficient frontier is 
very close to that of the whole market as shown in Figure 4.1. However, Figure 
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Table 4.1: Experiments for methods in Section 4.1 fc 4.2 
50-5 50-3 20-5 20-3 20-2 10-3 10-2 5-3 5-2 
One by one elimination by solving problems with higher cardinality 
Success 19/20 20/20 18/20 20/20 19/20 19/20 18/20 20/20 20/20 
CPU 0.1901 0.1896 0.0116 0.0120 0.0119 0.0041 0.0042 0.0032 0.0033 
One by one elimination of asset with minimum absolute weight 
Success 7/20 16/20 9/20 13/20 18/20 16/20 18/20 18/20 17/20 
CPU 0.0133 0.0140 0.0043 0.0043 0.0044 0.0033 0.0033 0.0032 0.0032 
CPLEX 
CPU 50.27 2.10 0.10 0.08 0.05 0.02 0.01 0.01 0.01 
4.2 also shows some scenarios of the type initially discussed; that is, the efficient 
frontier only works well in the left-most and right-most regions. 
Table 4.2: Solution improvement 
50-5 50-3 20-5 20-3 20-2 10-3 10-2 5-3 5-2 
One by one elimination by solving problems with higher cardinality 
Before 19/20 20/20 18/20 20/20 19/20 19/20 18/20 20/20 20/20 
After 20/20 20/20 20/20 20/20 20/20 20/20 20/20 20/20 20/20 
One by one elimination of asset with minimum absolute weight 
Before 7/20 16/20 9/20 13/20 18/20 16/20 18/20 18/20 17/20 
After 20/20 19/20 16/20 19/20 20/20 19/20 20/20 20/20 19/20 
86 
Table 4.3: Experiments for methods in Section 4.3 
50-5 50-3 20-5 20-3 20-2 10-3 10-2 5-3 5-2 
Orthogonal matrix inappiiig(l;cfore) 
Success 0/20 1/20 0/20 1/20 12/20 4/20 9/20 10/20 16/20 
CPU 0.0047 0.0048 0.0032 0.0031 0.0034 0.0031 0.0034 0.0031 0.0031 
Orthogonal matrix iiiappiiig(aftor) 
Success 7/20 16/20 9/20 13/20 18/20 16/20 18/20 18/20 17/20 
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Chapter 5 
Summary and Future work 
In this thesis, we developed liouristics for the carclinality-constrained portfolio 
selection problem {P). Such a problem arises from the quadratic problem with 
cardinality constraint. 
Il l Chapter 2, wc iiitrochiced the prototype、of our heuristic, which applies 
factor model to pi.o(:(、ss the data of securities. Then, all the securities wore clus-
tered into several groups by various clustering techniques. The portfolio selection 
was based on that prc-groii])iiig. Si)ocifically. wc scloctcd the representative of 
each groui) using just one (Tit(、i.i(ni’ the Slim.p(、ratio, causing the solution to fail 
where small rot urn and risk pairs wvrc coiicornccl. We discussed the infoasibility 
of such a static reprcsciitativo soloct ion s c I k m h c and considered that a dynamic 
approach might pc^rfomi l)ottcr. 
In Clia,pt(u. 3, w(、proposcxl dynaiiiic^ quadratic progmmmiiig as a solution 
sdi(!iri(} for i.(、piT\sc、rita,t:iv(、soloctioii to overcome、th(、difficulty which static solution 
sell erne was facing in Chap tor 2. W(、i-cfonniilatrd tli(—、car cl i 11 a 1 i t cons t ra incxl 
(jiiarhatic int(、[2;(、r progniiimiing i)r()M(、m with the constraints of ])ro-gronping. 
'rii(; ()f)j(、（：Uv(、r(、t,irn was also bikrii into (:()iisi(l(、nUion as a, constraiiit. Tho 
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solution of this heuristic approached the exact solution by being adjusted for the 
coefficient of the constraints in problem (Pi). However, the CPU time was a trade 
off. We also illustrated artificial factor generation for the factor model to improve 
the performance. Unfortunately, it did not work well due to the inconsistency 
between the vectors that such virtual factors can produce and what clustering 
can recognize. 
Many issues remain to be explored in future research. 
• As observed in the numerical implementation, when we use PCA to generate 
artificial factors for the factor model, it seems that the heuristic does not perform 
better by increasing the number of factors. The tail principal component may 
only generate some statistical properties of several particular securities, and it 
causes coefficient loading in front of other securities to approach 0. In that case, 
the vectors become special and scattered. It is not conducive to clustering. How 
many factors to use is a. significant issue for investigation. 
• We conclude that the trade-off between computing time and the accuracy of 
the solution can be adjusted by the coefficients a, 3, and the ratio of k and 
s in problem (Pi). However, when we increase the scope of the search (e.g., 
increasing the difference between q' and the cost is very large. Tims, there 
is room to improve the rules in our algorithm. For example, setting q./ and 
for i — 1, • • • , k in proportion to the number of members in each group may help 
improve the efficiency of the algorithm. 
• Research is needed to investigate relaxing t lie conditions for diagonal dominant 
problems in Chapter 4. In addition, the L\ formulation need to be improved. 
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